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Central and Non-central HBT from AGS to RHIC
Boris Toma´sˇik and Urs Achim Wiedemann
Theory Division, CERN, CH-1211 Geneva 23, Switzerland
We review the status of particle interferometry in ultra-relativistic
nucleus-nucleus collisions. The theoretical focus is on the model-
independent space-time interpretation of HBT radius parameters and
its extension to the geometrical and dynamical asymmetries generated
in finite impact parameter collisions. On the experimental side, we give a
complete account of all presently available data for beam energies above
2 AGeV. We discuss what these data imply for the dynamics and space-
time extension of the collision region and for the condition under which
particles decouple from this region.
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1. Introduction
One aspect in which a theory of high-energy nucleus-nucleus collisions has to
go beyond conventional nuclear and high-energy physics is in understanding
the space-time extension of the collision region and its collective dynamical
evolution. On the microscopic level, basic quantities governing the reaction
dynamics such as the probability that a particle can escape the collision
region without further interaction (“freeze-out”) or that it participates in
three-body interactions, clearly depend on the space-time extension of the
collision region and the relative velocity of the particle with respect to the
medium. On a macroscopic level, the study of the equation of state of hot
and dense matter rests on assessing the energy density and pressure attained
in nucleus-nucleus collisions. The operational definition of these quantities
clearly involves the measurement of volumes and the determination of the
degree of collectivity of the expansion.
It has been long recognised in both astrophysics34,35 and particle
physics27 that correlations between identical bosons give access to the ge-
ometry of particle emitting sources. While statistical requirements for par-
ticle correlation measurements are significant, interferometric techniques
are often the method of choice when conventional space-time measurement
techniques (like paralaxe measurements or scattering with external probes)
are not feasible. In the context of nucleus-nucleus collisions, the use of
identical two-particle “Hanbury-Brown Twiss” (HBT) correlations was first
forcefully advocated in the 1970s in a series of pioneering works published
independently in the East51,52,77 and the West21,31. Those were followed
by the first detailed discussions of how to separate quantum interference
effects from final state interactions 32,53. By now, particle interferometry
provides the most direct and most detailed space-time picture of the late
stage of nucleus-nucleus collisions.
2 AGeV, the lowest beam energy delivered by the Alternating Gradi-
ent Synchrotron (AGS) at the Brookhaven National Laboratory (BNL), is
a natural choice for the lowest energy included in a review on relativistic
nucleus-nucleus collisions. Non-relativistic collisions at lower beam energies
(up to several 100 AMeV) create evaporative sources with long lifetimes
(∼ several 100 fm/c) which are dominated by proton and neutron emission.
Strong final state effects dominate correlation measurements. A comprehen-
sive review of the rather different physics at these lower energies exists12.
Above 2 AGeV, pion abundances become important, source lifetimes are
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much shorter (∼ 10 fm/c) and quantum interference effects dominate over
the strong (but not necessarily over the electro-magnetic) final state interac-
tions. Moreover, the increase of pion multiplicity per event with increasing
beam energy helps to overcome the major obstacle of particle interferometry
at lower energies, namely the lack of statistics.
The increase in event multiplicity and the accumulation of increasing
event samples lead throughout the 1990s to a rapid refinement of analysis
tools. Early analyses often show “one-dimensional” two-particle correla-
tors as functions of one relative momentum variable only. These were soon
superseded by “three-dimensional” representations. Then, the increasing
statistics allowed to resolve “three-dimensional” correlation functions with
respect to the average transverse pair momentum and rapidity. Only re-
cently, the next step of these refinements was taken when the first measure-
ments of HBT with respect to the orientation of the reaction plane became
available. Parallelling this experimental progress and sometimes anticipat-
ing it was a theoretical effort which related systematically these more and
more differential interferometric measurements to more and more detailed
geometrical and dynamical properties of the particle emitting source. By the
end of the CERN SPS heavy ion program in 2000, several reviews100,37,25
gave detailed summaries of these developments.
We were asked to contribute to the present review volume only two
years later, at a time when HBT measurements from RHIC are published
but no thorough theoretical analysis of these findings is yet available. In this
situation, we decided to emphasise in a topical review those two aspects of
particle interferometry which are likely to play an important role in the fur-
ther discussion of RHIC data and which are not yet adequately represented
in reviews. On the experimental side, our focus will be on a comprehensive
overview of all data from AGS, SPS and RHIC. This is timely not only
because several experiments at the AGS and SPS just finalised their HBT
analyses. It is also of obvious use for a discussion of the energy-dependence
of HBT correlation measurements which plays an important role in the
HBT studies at RHIC. On the theoretical side, our presentation reflects
the fact that the first measurements of azimuthally dependent HBT ra-
dius parameters in finite impact parameter collisions at AGS and RHIC
became available after 1999. That these novel observables may provide a
complementary space-time picture to the large elliptic flow measured at
RHIC gives an additional motivation for discussing their theoretical basis
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in detail.
This review is organised as follows: In section 2, we introduce the formal-
ism for calculating identical two-particle correlations from particle emission
functions. In particular, we discuss in detail the case of non-central colli-
sions. In section 3, we briefly summarise models for the particle emitting
source which have been used in calculating HBT correlations from ultra-
relativistic heavy-ion collisions. Finally, in section 4, we give a complete
account of the experimental situation and we discuss shortly the most im-
portant features of the presently available data. Since most data are for
central collisions, readers primarily interested in the data summary may
jump from the introductory sections 2.1 and 2.2 directly to section 4. The
extension to non-central collisions in section 2.3 and the corresponding ex-
perimental overview in section 4.5.5 can be read independently. Also, the
short overview of model calculations in section 3 allows for an independent
reading.
2. The Gaussian source formalism
The two-particle momentum correlator between identical bosons with mo-
menta p1 and p2 is defined as the quotient of two-particle and one-particle
spectraa,
C(q,K) =
d6N
dp3
1
dp3
2
d3N
dp3
1
d3N
dp3
2
. (1)
Experimentally, this ratio is constructed for event samples, normalising ac-
tual pairs from the same event bymixed pairs from different events. Usually,
the two-particle correlator is written in terms of the corresponding relative
and average pair momenta
q = p1 − p2 , (2)
K =
1
2
(p1 + p2) . (3)
If the particle spectra entering (1) are corrected for final state interactions,
then the two-particle correlator C(q,K) is related to the emission func-
tion S(x,K) 77,31,66,68,10,17 which is the Wigner phase-space density of the
a Throughout this review, we use italics for four-vectors and bold for three-vectors.
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particle emitting system
C(q,K) ≈ 1 +
∣∣∫ d4xS(x,K) eiq·x∣∣2∣∣∫ d4xS(x,K)∣∣2 . (4)
For a derivation of (4) in different formalisms (coherent source formalism
and Gaussian wave-packet formalism), we refer to the review100. Equa-
tion (4) is approximate since it is based on the smoothness approxima-
tion S(x,K − 12q)S(y,K + 12q) ≈ S(x,K)S(y,K) valid for small rela-
tive momenta. Moreover, the following discussion of (4) will regularly em-
ploy the on-shell approximation K0 ≈
√
K2 +m2 which neglects the off-
shell components of K. Corrections to these approximations were stud-
ied systematically19 and were found to be small except for especially con-
structed toy models whose phase-space volumes were very small (i.e. com-
parable to the lower bound coming from the Heisenberg uncertainty rela-
tion). For particle correlations in nucleus-nucleus collisions, equation (4) is
a well-defined starting point. The emission function S(x,K) can be viewed
as the probability that a particle with momentum K is emitted from the
space-time point x in the collision region.
The aim of HBT two-particle interferometry is to extract from the exper-
imentally measured correlator C(q,K) as much information about S(x,K)
as possible. This includes i) information about the geometrical extent of
the collision region at the time of last hadronic scattering (freeze-out), ii)
information about the freeze-out time and emission duration of the source,
iii) information about the collective velocity of the expanding collision re-
gion in the directions parallel and orthogonal to the beam, iv) information
about the azimuthal dependence of the geometrical and dynamical prop-
erties of the collision region in finite impact parameter collisions. From
these primary measurements, various derived quantities can be extracted,
in particular the particle phase-space density at freeze-out.
2.1. Gaussian correlators in terms of space-time variances
Experimental data of two-particle correlations are usually parametrised by
a Gaussian ansatz in terms of HBT radius parameters Rij(K) and the
λ-intercept parameter
C(q,K) = 1 + λ(K) exp

−∑
ij
R2ij(K) qi qj

 . (5)
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Here, the indices i, j run over three of the four components of q. The
fourth component of q in (2) is fixed by the requirement that the final state
particles are on-shell
q ·K = 1
2
(
p21 − p22
)
= 0 =⇒ q0 = K · q
K0
. (6)
Different choices of the three independent components of q = (q0, q) corre-
spond to different Gaussian parametrisations.
The connection between the HBT radius parameters and the space-
time structure of the source is based on a Gaussian approximation to the
emission function
S(x,K) ≈ S(x¯(K),K) exp
[
−1
2
x˜µ(K)Bµν(K) x˜
ν(K)
]
. (7)
The space-time coordinates x˜µ in (7) are defined relative to the “effective
source centre” x¯(K) for bosons emitted with momentum K18,43
x˜µ(K) = xµ − x¯µ(K) , x¯µ(K) = 〈xµ〉(K) , (8)
where 〈. . . 〉 denotes an average with the emission function S(x,K):
〈f〉(K) =
∫
d4x f(x)S(x,K)∫
d4xS(x,K)
. (9)
The choice
(B−1)µν(K) = 〈x˜µx˜ν〉(K) (10)
ensures that the Gaussian ansatz (7) has the same rms widths in space-time
as the full emission function. Inserting (7) into the basic relation (4), the
correlator takes a Gaussian form,
C(q,K) = 1 + exp [−qµqν〈x˜µx˜ν〉(K)] . (11)
Since the correlator depends only on the relative distances x˜µ with respect
to the source centre, no information can be obtained about the position
x¯(K) of the centre of the emission.
Finally, we comment on λ(K) in eq. (5) which parametrises the inter-
cept of the correlation function for q = 0. This λ-parameter is unity for a
chaotic source and it is smaller than 1 for a source with partially coherent
particle emission. In practice, however, there are many other reasons why
deviations from C(q = 0) = 2 may be observed. For example, contributions
to pion production96 from long-lived resonances lead to an extended source
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Fig. 1. The out-side-longitudinal osl coordinate system.
component which is reflected in a narrow peak of the correlation function. If
this peak is narrower than the experimental resolution in relative momen-
tum, a reduced intercept is observed. Also, misidentified particles in the
sample of identical particle pairs reduce the correlation strength λ(K). In
addition to this, many technical details of the analysis – such as Coulomb
correction or finite momentum resolution – can influence the value of λ.
2.2. Central (azimuthally symmetric) collisions
2.2.1. The Cartesian Bertsch-Pratt parametrisation
In the out-side-longitudinal (osl) coordinate system, defined in Fig. 1, the
longitudinal (long) direction points along the beam axis. In the transverse
plane, the out direction is chosen parallel to the transverse component of the
pair momentum K⊥, the remaining Cartesian component denotes the side
direction. In this way, the out-axis is rotated independently for each particle
pair. The azimuthal symmetry of the particle source in central collisions
then translates in the osl coordinate system into a reflection symmetry
with respect to the side-direction:
S(x, y, z, t;K⊥,Kl) = S(x,−y, z, t;K⊥,Kl) . (12)
HBT from AGS to RHIC 9
This y˜ → −y˜ symmetry translates to a qs → −qs symmetry of
the two-particle correlation function (11). The Cartesian Bertsch-Pratt
parametrisation66,8,18 exploits this reflection symmetry to write the two-
particle correlator as
C(q,K) = exp[−R2o(K) q2o −R2s(K) q2s −R2l (K) q2l − 2R2ol(K) qoql] . (13)
This parametrisation is based on the three Cartesian spatial components
qo (out), qs (side), ql (long) of the relative momentum q. The temporal
component is eliminated via the mass-shell constraint (6)
q0 = β · q , β = (β⊥, 0, βl) , (14)
where β = K/K0. To express the HBT radius parameters R
2
i (K) in
terms of space-time variances 〈x˜µx˜ν〉(K), we insert the on-shell constraint
q0 = β ·q into the correlator (11), and compare the result with the Gaussian
parametrisation (5) of the correlator. One then finds that the HBT radius
parameters measure different combinations of the spatial and temporal ex-
tent of the collision system18,43:
R2s(K) = 〈y˜2〉(K) , (15)
R2o(K) = 〈(x˜− β⊥t˜)2〉(K) , (16)
R2l (K) = 〈(z˜ − βlt˜)2〉(K) , (17)
R2ol(K) = 〈(x˜− β⊥t˜)(z˜ − βl t˜)〉(K) , (18)
R2os(K) = 0 , (19)
R2sl(K) = 0 . (20)
The y → −y reflection symmetry of the emission function implies that the
three space-time variances 〈x˜µx˜ν〉(K) linear in y˜ vanish. For the azimuthally
symmetric case, there are only seven non-vanishing space-time variances
which combine to four non-vanishing HBT-radius parameters R2ij(K). This
information is tabulated in the first column of Table 1.
In general, symmetries of the emission function translate into constraints
for the space-time variances and thus lead to simpler expressions for the
HBT radius parameters. Of particular relevance is the limit K⊥ → 0. In
this limit, no transverse vector allows to distinguish between the out- and
side-components, and space-time variances thus become invariant under the
exchange x˜ → y˜. This implies that 〈x˜2〉(K⊥ = 0) = 〈y˜2〉(K⊥ = 0). Also,
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the off-diagonal terms 〈z˜x˜〉(K⊥ = 0) and 〈t˜x˜〉(K⊥ = 0) vanish. As a conse-
quence, the HBT radius parameters show the following limiting behaviour
lim
K⊥→0
R2o(K) = lim
K⊥→0
R2s(K) , (21)
lim
K⊥→0
R2ol(K) = 0 . (22)
Further symmetries are sometimes helpful to gain physical intuition. For ex-
ample, longitudinal boost-invariance implies a z˜ → −z˜ reflection symmetry
of the emission function which is approximately satisfied near mid-rapidity.
This implies that the space-time variances linear in z˜ vanish. In the longi-
tudinally comoving system (LCMS)
LCMS: βl = 0 , (23)
this leads to the further simplifications R2l (K) = 〈z˜2〉(K) and R2ol(K) = 0.
2.2.2. Interpretation of space-time variances
The space-time variances 〈x˜µx˜ν〉(K) depend on the pair momentum K.
To understand their physical meaning, consider an observer who views a
strongly expanding collision region. Some parts of the collision region move
towards the observer and the particle spectrum emitted from those parts
will appear blue-shifted. Other parts move away from the observer and ap-
pear red-shifted. Thus, if the observer looks at the collision system with a
wavelength filter of some frequency, he sees only part of the collision re-
gion. Adopting a notion coined by Sinyukov, the observer sees a “region of
homogeneity”. In HBT interferometry, the role of the wavelength filter is
played by the pair momentum K. The direction of K corresponds to the
direction from which the collision region is viewed. The modulus ofK char-
acterises the central velocity β =K/K0 of that part of the collision region
which is seen through the wavelength filter. This situation is illustrated in
Fig. 2. Depending on the direction and modulus ofK, different parts of the
collision region are measured. The centre of a region of homogeneity 〈xµ〉
depends on K and lies typically between the center of the collision region
and the observer. In the Gaussian approximation, the region of homogene-
ity is described by a four-dimensional space-time ellipsoid centered around
〈x˜µ〉(K) and characterised by S(x,K) in eq. (7). The widths of this region
of homogeneity correspond to the space-time variances 〈x˜µx˜ν〉(K), see eq.
HBT from AGS to RHIC 11
long
R
trans
flow determines
and size of 
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Fig. 2. Sketch of the particle emission region for a collision with collective dynamical
expansion. The size and orientation of the average pair momentum K serves as wave-
length filter: depending on K (indicated by arrows), HBT measurements are sensitive
to different parts of the collision region.
(10). Thus, HBT radius parameters give access to the space-time variances
〈x˜µx˜ν〉(K) but they do not depend on the “effective source center” 〈xµ〉.
2.2.3. The Yano-Koonin-Podgoretski˘ı parametrisation
The Yano-Koonin-Podgoretski˘ı parametrisation eliminates the mass-shell
constraintK ·q = 0 in (11) by choosing the relative momentum components
q⊥ =
√
q2o + q
2
s , q
0 and ql as independent. The corresponding Gaussian
ansatz reads102,66,20,36
C(q,K) = 1 + λ(K) exp
[
−R2⊥(K) q2⊥ −R2‖(K)(q2l − (q0)
2
)
−
(
R20(K) +R
2
‖(K)
)
(q·U(K))2
]
. (24)
Here, the 4-velocity U(K) has only one K-dependent longitudinal spatial
component,
U(K) =
1√
1− v2(K) (1, 0, 0, v(K)) . (25)
The combinations of relative momenta (q2l − (q0)
2
), (q·U(K))2 and q2⊥ ap-
pearing in (24) are scalars under longitudinal boosts. Therefore, the three
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YKP fit parameters R2⊥(K), R
2
0(K), and R
2
‖(K) are longitudinally boost-
invariant and do not depend on the longitudinal velocity of the measure-
ment frame. The fourth YKP parameter is the Yano-Koonin (YK) velocity
v(K). The corresponding rapidity
Y
YK
(K) =
1
2
ln
(
1 + v(K)
1− v(K)
)
(26)
transforms additively under longitudinal boosts.
Identifying the combinations of relative momenta (q2l −(q0)
2
), (q·U(K))2
and q2⊥ in the Gaussian correlator (11), one can relate the YKP parame-
ters to space-time variances in complete analogy to the Cartesian case. Ex-
plicit expressions can be found in the original papers36,101. Since the ansatz
(24) uses four Gaussian parameters, it provides a complete parametrisation
for azimuthally symmetric collisions which is equivalent to the Cartesian
Bertsch-Pratt parametrisation. The Gaussian HBT radius parameters of
the Cartesian parametrisation can be related to the YKP fit parameters
via36,101
R2s = R
2
⊥ , (27)
R2diff = R
2
o −R2s =
β2⊥
1− v2(K)
(
R20 + v
2R2‖
)
, (28)
R2l =
(
1− β2l
)
R2‖ +
(βl − v)2
1− v2(K)
(
R20 +R
2
‖
)
, (29)
R2ol = β⊥
(
−βlR2‖ +
(βl − v)
1− v2(K)
(
R20 +R
2
‖
))
. (30)
The space-time interpretation of YKP parameters is studied in
detail36,101,88. The consistency check (27)-(30) of measured YKP and Carte-
sian parameters is mandatory for a space-time interpretation of YKP pa-
rameters since known technical problems with the YKP parametrization
can affect fit parameters significantly88.
2.3. Collisions at finite impact parameter
2.3.1. Choice of coordinate system
For central collisions, azimuthal symmetry of the collision region allows to
use the osl-coordinate system which is oriented differently for each particle
pair, such that its out-axis is parallel to the average pair momentum.
HBT from AGS to RHIC 13
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Fig. 3. The impact parameter fixed coordinate system is obtained by rotating the out-
side-longitudinal coordinate system by the azimuthal angle Φ = ∠(K⊥, b).
At finite impact parameter, HBT radius parameters R2ij(K) depend
not only on the modulus of the transverse pair momentum |K|, but also
on its orientation in the transverse plane which is defined with respect to
some pair-independent direction in the laboratory system92,93,98. In prac-
tice, one introduces the impact parameter fixed coordinate system, for which
the transverse coordinate x lies within the reaction plane; the transverse
coordinate y lies orthogonal to it, see Fig. 3. The out-side-longitudinal and
the impact parameter fixed system are related by a rotation with respect
to the angle Φ = ∠(K⊥, b)
DΦ =

 cosΦ sinΦ 0− sinΦ cosΦ 0
0 0 1

 , (31)
such that after rotating to the osl-system we have
DΦβ =

β⊥0
βl

 , DΦx˜ =

 x˜ cosΦ + y˜ sinΦ−x˜ sinΦ + y˜ cosΦ
z˜

 . (32)
For non-central collisions, the emission function is written in the impact
parameter fixed coordinate system.
2.3.2. HBT radius parameters from space-time variances
In eq. (4), the emission function entering the two-particle correlator is writ-
ten in the osl-system. For an emission function in the impact parameter
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fixed system, the correlator reads:
C(K, q) = 1 + |〈eiq·(DΦx−DΦβt)〉| . (33)
From this, the HBT radius parameters can be calculated98:
R2ij(K) = −
∂2C(q,K)
∂qi ∂qj
∣∣∣∣
q=0
= 〈[(DΦx˜)i − (DΦβ)i t˜][(DΦx˜)j − (DΦβ)j t˜]〉 . (34)
As for the azimuthally symmetric case, the HBT radius parameters show
implicit and explicit K-dependences98:
R2s(K⊥,Φ, Y ) = 〈x˜2〉 sin2Φ + 〈y˜2〉 cos2 Φ− 〈x˜y˜〉 sin 2Φ , (35)
R2o(K⊥,Φ, Y ) = 〈x˜2〉 cos2Φ+ 〈y˜2〉 sin2 Φ+ β2⊥〈t˜2〉
−2β⊥〈t˜x˜〉 cosΦ− 2β⊥〈t˜y˜〉 sinΦ + 〈x˜y˜〉 sin 2Φ , (36)
R2os(K⊥,Φ, Y ) = 〈x˜y˜〉 cos 2Φ + 12 sin 2Φ(〈y˜2〉 − 〈x˜2〉)
+β⊥〈t˜x˜〉 sinΦ− β⊥〈t˜y˜〉 cosΦ , (37)
R2l (K⊥,Φ, Y ) = 〈(z˜ − βlt˜)2〉 , (38)
R2ol(K⊥,Φ, Y ) = 〈(z˜ − βlt˜)(x˜ cosΦ + y˜ sinΦ− β⊥t˜)〉 , (39)
R2sl(K⊥,Φ, Y ) = 〈(z˜ − βlt˜)(y˜ cosΦ− x˜ sinΦ)〉 . (40)
On the r.h.s. of these equations we only displayed the explicit Φ-dependences
which are a geometrical consequence of rotating the out-axis from the di-
rection of the impact parameter b to the direction of the average pair mo-
mentum K⊥. The implicit Φ-dependence of the space-time variances,
〈x˜µx˜ν〉 = 〈x˜µx˜ν〉(K⊥,Φ, Y ) , (41)
characterises the dynamical correlations between the size of the effective
emission region and the azimuthal direction in which particles are emitted.
The role of explicit and implicit contributions is illustrated in Fig. 4.
2.3.3. Symmetries satisfied by space-time variances
The implicit Φ-dependence of space-time variances can be characterised in
terms of the Fourier coefficients 〈. . . 〉cn and 〈. . . 〉sn
〈x˜µx˜ν〉(Φ) =
∞∑
n=0
〈x˜µx˜ν〉cn cos(nΦ) + 〈x˜µx˜ν〉sn sin(nΦ) . (42)
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f = 0 f = - p/2
low K
high K
Fig. 4. Schematic picture of the role of explicit and implicit φ-dependence in the trans-
verse plane. At small transverse pair momentum, the orientation of the region of ho-
mogeneity follows the global geometry, and the explicit Φ-dependence is expected to
dominate. At large transverse pair momentum, the orientation and shape of the region
of homogeneity can deviate significantly from the global geometry. In this case, the im-
plicit Φ-dependence of HBT radius parameters becomes significant, see text.
Several symmetries allow to constrain this most general implicit Φ-
dependence98,57,39:
(1) Mirror symmetry with respect to the reaction plane:
This symmetry of the emission function holds at both mid and forward
rapidity. It implies that space-time variances linear in y˜ change sign
under Φ → −Φ, while space-time variances which are not linear in y˜
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are invariant under the mirror symmetry,
〈x˜µx˜ν〉(Φ) = −〈x˜µx˜ν〉(−Φ) , for either x˜µ = y˜ or x˜ν = y˜ , (43)
〈x˜µx˜ν〉(Φ) = 〈x˜µx˜ν〉(−Φ) , for x˜µ , x˜ν 6= y˜ , (44)
〈y˜2〉(Φ) = 〈y˜2〉(−Φ) . (45)
(2) Point symmetry at mid rapidity:
For collisions between equal mass nuclei, the total emission region is
point symmetric under (x˜, y˜, z˜) → (−x˜,−y˜,−z˜) at mid-rapidity. This
is a symmetry under Φ → Φ + pi. At mid-rapidity, we thus have the
additional requirement
〈x˜µx˜ν〉(Φ) = −〈x˜µx˜ν〉(Φ + pi) , for either x˜µ = t˜ or x˜ν = t˜ , (46)
〈x˜µx˜ν〉(Φ) = 〈x˜µx˜ν〉(Φ + pi) , for x˜µ , x˜ν 6= t˜ , (47)
〈t˜2〉(Φ) = 〈t˜2〉(Φ + pi) . (48)
At forward rapidity, this point symmetry does not constrain the az-
imuthal dependence since the same symmetry maps Kl → −Kl on
which the space-time variances depend implicitly.
Both symmetries imply that many of the Fourier coefficients vanish in the
harmonic expansion (42) of the space-time variances. A complete overview
is given in Table 1. We discuss now the implications of these symmetries
for a harmonic analysis of HBT radius parameters whose Φ-dependences
are characterised in terms of harmonic coefficients
Rcij,m
2 =
1
2pi
∫ pi
−pi
R2ij cos(mΦ) dΦ , (49)
Rsij,m
2 =
1
2pi
∫ pi
−pi
R2ij sin(mΦ) dΦ . (50)
2.3.4. Explicit azimuthal dependences at mid-rapidity
As long as Φ-dependent position-momentum correlations in the source are
weak compared to the global essentially geometrical asymmetry of the fi-
nite impact parameter collision, the implicit Φ-dependence can be neglected
compared to the explicit one. In this case, all space-time variances (42) are
characterised by their zeroth Fourier components. Inserting the zeroth com-
ponents listed in Table 1 into the expressions for the HBT radius parameters
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Table 1. Space-time variances for central and non-central collisions
〈xµxν〉 b = 0 b = 0 b 6= 0 b 6= 0 b 6= 0 b 6= 0 b 6= 0
K⊥ 6= 0 K⊥ = 0 Y = 0 Y 6= 0 Y = 0 Y = 0 Y 6= 0
n = 0 n = 0 n even n odd n ≥ 1
〈x˜ x˜〉 × × × × × 0 × cos
0 0 0 sin
〈x˜ y˜〉 0 0 0 0 0 0 0 cos
× 0 × sin
〈y˜ y˜〉 × × × × × 0 × cos
0 0 0 sin
〈x˜ z˜〉 × 0 × × × 0 × cos
0 0 0 sin
〈y˜ z˜〉 0 0 0 0 0 0 0 cos
× 0 × sin
〈z˜ z˜〉 × × × × × 0 × cos
0 0 0 sin
〈x˜ t˜〉 × 0 0 × 0 × × cos
0 0 0 sin
〈y˜ t˜〉 0 0 0 0 0 0 0 cos
0 × × sin
〈z˜ t˜〉 × × 0 × 0 × × cos
0 0 0 sin
〈t˜ t˜〉 × × × × × 0 × cos
0 0 0 sin
The non-vanishing (×) and vanishing (0) space-time variances for central (b = 0) and
non-central (b 6= 0) collision systems at mid-rapidity (Y = 0) and away from mid-
rapidity. For non-central collisions, the harmonic coefficients 〈. . . 〉cn and 〈. . . 〉sn are
listed in the three rightmost columns. Away from mid-rapidity, no symmetry ensures
a different behaviour of odd and even harmonics.
(35)–(40), one finds98,57:
R2s(K⊥,Φ, Y ) =
1
2
(〈x˜2〉+ 〈y˜2〉)+ 12 (〈y˜2〉 − 〈x˜2〉) cos 2Φ , (51)
R2o(K⊥,Φ, Y ) =
1
2
(〈x˜2〉+ 〈y˜2〉)− 12 (〈y˜2〉 − 〈x˜2〉) cos 2Φ + β2⊥〈t˜2〉 , (52)
R2os(K⊥,Φ, Y ) =
1
2 (〈y˜2〉 − 〈x˜2〉) sin 2Φ , (53)
R2l (K⊥,Φ, Y ) = 〈z˜2〉+ β2l 〈t˜2〉 , (54)
R2ol(K⊥,Φ, Y ) = 〈x˜z˜〉 cosΦ , (55)
R2sl(K⊥,Φ, Y ) = −〈x˜z˜〉 sinΦ . (56)
Two Φ-dependent geometrical informations are contained in these equa-
tions:
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(1) Eccentricity of the emission ellipsoid in the transverse plane98
The HBT radius parameters R2o, R
2
s and R
2
os are sensitive to the exten-
sion of the emission region in the transverse plane. They show second
harmonic oscillations of the same strength 12
(〈x˜2〉 − 〈y˜2〉) and thus
measure the eccentricity of the emission ellipsoid in the transverse
plane. The second harmonic coefficients of HBT radius parameters thus
satisfy the rules
Rso,2
2 = 0 , Rss,2
2 = 0 , Rcos,2
2 = 0 , (57)
Rco,2
2 = −Rcs,22 = −Rsos,22 . (58)
While (57) must be always satisfied at mid-rapidity because of the sym-
metry requirements (see also next section), deviations from (58) are an
unambiguous sign for implicit Φ-dependences of space-time variances,
i.e. for azimuthally dependent position-momentum correlations in the
source.
(2) Tilt of the emission ellipsoid in the reaction plane57
The HBT radius parameters R2ol and R
2
sl are sensitive to the off-
diagonal component 〈x˜z˜〉. They measure the angle Θ by which the
major longitudinal axis of the emission ellipsoid is tilted away from the
beam direction, see Fig. 5,
Θ =
1
2
tan−1
(
2〈x˜z˜〉
〈z˜z˜〉 − 〈x˜x˜〉
)
. (59)
The tilt Θ is measured from the first harmonic oscillations at mid-
rapidity. Any deviation from the rule
Rcol,1
2 = −Rssl,12 . (60)
is an unambiguous sign for strong azimuthally dependent position-
momentum correlations in the source. Again, symmetry constraints
generally require
Rsol,1
2 = 0 , (61)
Rcsl,1
2 = 0 . (62)
2.3.5. Implicit azimuthal dependence at mid-rapidity
To access the effect of an implicit Φ-dependence of space-time variances,
we expand the radius parameters (35)–(40) in power of the harmonic
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reaction plane
beam  z
x
y
q
Fig. 5. In general, the main axis of the emission ellipsoid is tilted for finite impact
parameter collisions by an angle Θ with respect to the beam axis. This tilt can be
measured via the first harmonics of the off-diagonal HBT radius parameters R2ol and R
2
sl
at mid-rapidity.
coefficients98,39. The following discussion includes all harmonic contribu-
tions allowed by the symmetries. It may simplify further if the emission
function is sufficiently smoothly shaped for higher harmonic coefficients to
be negligible,
〈x˜µx˜ν〉s/cn ≫ 〈x˜µx˜ν〉s/c2+n . (63)
Using the Fourier expansion (42) of space-time variances at mid-rapidity,
one finds:
1. The zeroth moments of the HBT radius parameters:
R2s,0 =
1
2
(〈x˜2〉0 + 〈y˜2〉0)+ 1
4
〈y˜2〉c2 −
1
2
〈x˜y˜〉s2 −
1
4
〈x˜2〉c2 , (64)
R2o,0 =
1
2
(〈x˜2〉0 + 〈y˜2〉0)+ β2⊥〈t˜2〉0 + 14 〈x˜2〉c2 + 12〈x˜y˜〉s2 − 14〈y˜2〉c2
−β⊥
(〈x˜t˜〉c1 + 〈y˜t˜〉s1) , (65)
R2l,0 = 〈z˜2〉0 . (66)
These expressions show that contributions to the absolute size of az-
imuthally averaged HBT radius parameters stem not only from the az-
imuthal averages 〈x˜µx˜ν〉0, but also from the harmonic oscillations of these
space-time variances. Nevertheless, only those Fourier components of the
20 B. Toma´sˇik and U.A. Wiedemann
HBT radius parameters are non-zero, which were found to be non-zero in
the case without implicit Φ-dependence. This continues to be the case for
2. The first moments of the HBT radius parameters:
The only non-vanishing first moments are
Rcol,1
2 = 〈x˜z˜〉0 + 1
2
(〈x˜z˜〉c2 + 〈y˜z˜〉s2)− β⊥ 〈z˜t˜〉c1 , (67)
Rcsl,1
2 = −〈x˜z˜〉0 + 1
2
(〈x˜z˜〉c2 + 〈y˜z˜〉s2) . (68)
For the case of a static source, these quantities determine the tilt angle (59)
and satisfy Rcol,1
2 = −Rssl,12. According to eqs. (67) and (68), a non-zero
value of
Rcol,1
2 +Rcsl,1
2 = 〈x˜z˜〉c2 + 〈y˜z˜〉s2 − β⊥ 〈z˜t˜〉c1 (69)
is an unambiguous sign of dynamically generated Φ-dependent correlations
in the source.
3. The second moments of the HBT radius parameters:
The only non-vanishing second moments are
Rcs,2
2 =
1
2
(〈y˜2〉0 − 〈x˜2〉0)+ 1
2
(〈y˜2〉c2 + 〈x˜2〉c2)
− 1
4
(〈
x˜2
〉c
4
− 〈y˜2〉c
4
)
− 1
2
〈x˜y˜〉s4 , (70)
Rco,2
2 = −1
2
(〈y˜2〉0 − 〈x˜2〉0)+ 1
2
(〈y˜2〉c2 + 〈x˜2〉c2)
− β⊥
(〈x˜t˜〉c1 − 〈y˜t˜〉s1)+ β2⊥〈t˜2〉c2
− β⊥
(〈
x˜t˜
〉c
3
+
〈
y˜t˜
〉s
3
)
+
1
4
(〈
x˜2
〉c
4
− 〈y˜2〉c
4
)
+
1
2
〈x˜y˜〉s4 , (71)
Rsos,2
2 =
1
2
(〈y˜2〉0 − 〈x˜2〉0)+ β⊥
2
(〈x˜t˜〉c1 − 〈y˜t˜〉s1)
− β⊥
2
(〈
x˜t˜
〉c
3
+
〈
y˜t˜
〉s
3
)− 1
4
(〈
x˜2
〉c
4
− 〈y˜2〉c
4
)
+
1
2
〈x˜y˜〉s4 , (72)
Rcl,2
2 = 〈z˜2〉c2 . (73)
The equations (57) remain true in the presence of Φ-dependent position-
momentum gradients in the source, while deviations from the Rco,2
2 =
−Rcs,22 = −Rsos,22 rule (58) are an unambiguous sign for an implicit Φ-
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dependence, namely:
Rco,2
2 +Rcs,2
2 = 〈x˜2〉c2 + 〈y˜2〉c2 + β2⊥〈t˜2〉c2
−β⊥
(〈x˜t˜〉c1 − 〈y˜t˜〉s1 + 〈x˜t˜〉c3 + 〈y˜t˜〉s3) , (74)
Rco,2
2 +Rsos,2
2 =
1
2
(〈x˜2〉c2 + 〈y˜2〉c2)+ β2⊥〈t˜2〉c2 − β⊥2 (〈x˜t˜〉c1 − 〈y˜t˜〉s1)+ 〈x˜y˜〉s4
− 3
2
β⊥
(〈
x˜t˜
〉c
3
+
〈
y˜t˜
〉s
3
)
+
1
2
(〈
x˜2
〉c
4
− 〈y˜2〉c
4
)
, (75)
Rcs,2
2 −Rsos,22 =
1
2
(〈x˜2〉c2 + 〈y˜2〉c2)− 12β⊥
(〈x˜t˜〉c1 − 〈y˜t˜〉s1 − 〈x˜t˜〉c3 − 〈y˜t˜〉s3)
− 1
2
(〈
x˜2
〉c
4
− 〈y˜2〉c
4
)
− 〈x˜y˜〉s4 . (76)
If the fourth order moments
〈
x˜2
〉c
4
− 〈y˜2〉c
4
and 〈x˜y˜〉s4 are negligible and if
the transverse pair momentum K⊥ is sufficiently small, then
Rcs,2
2 −Rsos,22 ≈ Rco,22 +Rsos,22 . (77)
4. The n-th moments of the HBT radius parameters (n > 2):
In general, the properties of the sin and cos functions imply that the n-th
order harmonics Rsij,n
2, Rcij,n
2 in eqs. (49), (50) are built up of m-th order
harmonics 〈x˜µy˜ν〉sm, 〈x˜µy˜ν〉cm with n − 2 ≤ m ≤ n + 2. This limits the
number of terms appearing in n-th order expressions. Since it is an open
question whether the approximation (63) applies for realistic sourcesb, we
give these expressions here for completeness.
For the side-long and out-long HBT radius parameters, only odd har-
monic terms appear. For n = 3, 5, 7, . . . , we have
Rcol,n
2 =
1
2
(〈x˜z˜〉cn−1 − 〈y˜z˜〉sn−1)− β⊥ 〈z˜t˜〉cn
+
1
2
(〈x˜z˜〉cn+1 + 〈y˜z˜〉sn+1) , (78)
Rssl,n
2 =
1
2
(〈y˜z˜〉sn−1 − 〈x˜z˜〉cn−1)+ 12 (〈y˜z˜〉sn+1 + 〈x˜z˜〉cn+1) . (79)
The Fourier decomposition of the other HBT radius parameters contains
bWe thank Mike Lisa for drawing our attention to this issue.
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only even harmonic terms. For n = 4, 6, 8, . . . , we have
Rcs,n
2 = −1
4
(〈
x˜2
〉c
n−2
− 〈y˜2〉c
n−2
)
+
1
2
〈x˜y˜〉sn−2
+
1
2
(〈
x˜2
〉c
n
+
〈
y˜2
〉c
n
)
− 1
4
(〈
x˜2
〉c
n+2
− 〈y˜2〉c
n+2
)
− 1
2
〈x˜y˜〉sn+2 , (80)
Rco,n
2 =
1
4
(〈
x˜2
〉c
n−2
− 〈y˜2〉c
n−2
)
− 1
2
〈x˜y˜〉sn−2
− β⊥
(〈
x˜t˜
〉c
n−1
− 〈y˜t˜〉s
n−1
)
+
1
2
(〈
x˜2
〉c
n
+
〈
y˜2
〉c
n
)
+ β2⊥
〈
t˜2
〉c
n
− β⊥
(〈
x˜t˜
〉c
n+1
+
〈
y˜t˜
〉s
n+1
)
+
1
4
(〈
x˜2
〉c
n+2
− 〈y˜2〉c
n+2
)
+
1
2
〈x˜y˜〉sn+2 , (81)
Rsos,n
2 = −1
4
(〈
x˜2
〉c
n−2
− 〈y˜2〉c
n−2
)
+
1
2
〈x˜y˜〉sn−2
+
1
2
β⊥
(〈
x˜t˜
〉c
n−1
− 〈y˜t˜〉s
n−1
)
− 1
2
β⊥
(〈
x˜t˜
〉c
n+1
+
〈
y˜t˜
〉s
n+1
)
− 1
4
(〈
x˜2
〉c
n+2
− 〈y˜2〉c
n+2
)
+
1
2
〈x˜y˜〉sn+2 , (82)
Rcl,n
2 =
〈
z˜2
〉c
n
. (83)
Whether these higher harmonic coefficients are numerically important re-
mains to be established experimentally.
2.3.6. Implicit azimuthal dependence at forward rapidity
At non-central rapidity Y 6= 0, additional Fourier components of the space-
time variances can contribute to HBT radius parameters, as is seen from
Table 1. The reason is that at Y 6= 0, the symmetries (46)–(48) do not
hold. It is remarkable that the zeroth and second moments of the out,
side and out-side radius parameters, given in eqs. (64), (65), (70), (71) and
(72), do not receive extra contributions at forward rapidity. In particular,
this implies that deviations from the Rco,2
2 = −Rcs,22 = Rsos,22 rule of
(58) remains an unambiguous test for the presence of angular dependent
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position-momentum correlations at all rapidities. In addition, the out, side
and out-side radius parameters acquire first harmonic oscillations away from
mid-rapidity,
Rcs,1
2 =
1
4
(〈x˜2〉c1 − 2〈x˜y˜〉s1 + 3〈y˜2〉c1)
−1
4
(〈
x˜2
〉c
3
+ 2 〈x˜y˜〉s3 −
〈
y˜2
〉c
3
)
, (84)
Rco,1
2 =
1
4
(
3〈x˜2〉c1 + 2〈x˜y˜〉s1 + 〈y˜2〉c1
)
− β⊥
(
2〈x˜t˜〉0 + 〈x˜t˜〉c2 + 〈y˜t˜〉c2
)
+ β2⊥〈t˜2〉c1
+
1
4
(〈
x˜2
〉c
3
+ 2 〈x˜y˜〉s3 −
〈
y˜2
〉c
3
)
, (85)
Rsos,1
2 =
1
4
(−〈x˜2〉c1 − 2〈x˜y˜〉s1 + 〈y˜2〉c1)
+β⊥〈x˜t˜〉0 − 1
2
β⊥
(〈x˜t˜〉c2 + 〈y˜t˜〉c2)
+
1
4
(〈
x˜2
〉c
3
+ 2 〈x˜y˜〉s3 −
〈
y˜2
〉c
3
)
. (86)
In the so-called blast wave model153), there is no correlation between the
transverse position and the time at which particles are emitted. Hence, the
space-time variances linear in t˜ vanish. Also, the emission duration 〈t˜2〉
does not depend on the azimuthal angle. In addition, if the source shows a
sufficiently smooth azimuthal dependence for the third order terms
〈
x˜2
〉c
3
,
〈x˜y˜〉s3,
〈
y˜2
〉c
3
to be negligible, then
Rcs,1
2 −Rco,12 ≈ 2Rsos,12 . (87)
Moreover, it was observed in a class of model studies98 that 〈x˜2〉c1 should
be much larger than 〈x˜y˜〉s1 and 〈y˜2〉c1, since asymmetries with respect to the
beam axis will occur predominantly in the direction of the impact param-
eter. This translates into the rule
Rco,1
2 : Rcs,1
2 : Rsos,1
2 = 3 : 1 : −1 . (88)
A test of (87), (88) allows to establish whether these additional model-
dependent assumptions are satisfied.
The three HBT radius parameters R2l , R
2
ol and R
2
sl involve longitudinal
information and depend on the longitudinal velocity βl. This leads to addi-
tional contributions away from mid-rapidity. For completeness, we list here
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the non-vanishing first and second moments:
Rcl,1
2 = 〈z˜2〉c1 − 2βl〈z˜t˜〉c1 + β2l 〈t˜2〉c1 , (89)
Rcl,2
2 = 〈z˜2〉c2 − 2βl〈z˜t˜〉c2 + β2l 〈t˜2〉c2 , (90)
Rcol,1
2 = 〈x˜z˜〉0 + 1
2
(〈x˜z˜〉c2 + 〈y˜z˜〉s2)− β⊥〈z˜t˜〉c1
+
1
2
βl
(
2β⊥〈t˜2〉c1 − 2〈x˜t˜〉0 − 〈x˜t˜〉c2 − 〈y˜t˜〉s2
)
, (91)
Rcol,2
2 =
1
2
(〈x˜z˜〉c1 − 〈y˜z˜〉s1)− β⊥〈z˜t˜〉c2
+
1
2
βl
(
2β⊥〈t˜2〉c2 − 〈x˜t˜〉c1 + 〈y˜t˜〉s1
)
+
1
2
(〈x˜z˜〉c3 + 〈y˜z˜〉s3)−
βl
3
(〈
x˜t˜
〉c
3
+
〈
y˜t˜
〉s
3
)
, (92)
Rssl,1
2 = −〈x˜z˜〉0 + 1
2
(〈x˜z˜〉c2 + 〈y˜z˜〉s2)
+
1
2
βl
(
2〈x˜t˜〉0 − 〈x˜t˜〉c2 − 〈y˜t˜〉s2
)
, (93)
Rssl,2
2 =
1
2
(〈y˜z˜〉s1 − 〈x˜z˜〉c1) +
1
2
βl
(〈x˜t˜〉c1 − 〈y˜t˜〉s1)
+
1
2
(〈x˜z˜〉c3 + 〈y˜z˜〉s3)−
βl
2
(〈
x˜t˜
〉c
3
+
〈
y˜t˜
〉s
3
)
. (94)
2.3.7. Reconstruction of the reaction plane
The above analysis of HBT radius parameters for non-central collisions re-
quires the measurement of the angle Φ and thus assumes knowledge about
the event-wise orientation of the reaction plane. This orientation ΨR is usu-
ally measured from the azimuthal dependence of single-particle transverse
momentum spectra63,65
E
dN
d3p
=
d3N
pt dpt dy dφ
=
∫
d4xS(x, p)
=
1
2pi
d2N
pt dpt dy
[1 + 2
∞∑
n=1
vn cosn(φ− ψR)] . (95)
However, the orientation of the true reaction plane can only be measured
with limited accuracy. Since fluctuations in a finite multiplicity environment
result in azimuthal anisotropies without geometrical origin, this limited
accuracy arises largely as a consequence of the basic statistical properties
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of a mesoscopic system, and cannot be reduced by larger event samples
or refined measurements. The resulting uncertainty has to be corrected for
if one aims for a geometrical interpretation of the Φ-dependence of HBT
radius parameters. Such corrections are discussed in literature98,39.
3. Two-particle correlations from model calculations
The emission function S(x,K) is not determined uniquely by the correlator
C(q,K). This is a consequence of the on-shell constraint (6) which implies
that only a specific time-average over the emission function, the so-called
relative distance distribution SK(x), is uniquely measurable
100
SK(x) =
∫
dt d(x+ βt, t;K) , (96)
d(x,K) =
∫
d4X
S(X + x2 ,K)∫
d4y S(y,K)
S(X − x2 ,K)∫
d4y S(y,K)
. (97)
The direct reconstruction of SK(|x|) from experimental data has been pur-
sued successfully15,16,115. However, due to statistical uncertainties the nu-
merical inversion of C(q,K)−1 = ∫ d3x cos(q ·x)SK(x) is complicated. In
practice, it requires additional model assumptions to achieve convergence.
Thus most data analyses proceed via model studies. Either they start from a
model parametrisation of the emission function S(x,K), or they start from
a dynamical calculation of S(x,K) based on a hydrodynamic or particle-
cascade based simulation. In this section, we review the main features of
these approaches.
3.1. Model parametrisations of the emission function
The main features of the collision region at freeze-out can be characterised
by its width in the different spatial and temporal extensions, its collec-
tive dynamical gradients (usually ascribed to a collective flow field uµ(x)
which determines the position-momentum correlations in the source) and
its random dynamical component (usually ascribed to a local temperature
T ). Model parametrisations of S(x,K) implement these main features in
a (minimal) analytical ansatz for S(x,K). The model parameters are then
extracted from a fit to one- and two-particle spectra.
Example of a model emission function: For illustration, consider a source in
local thermal equilibrium at temperature T whose extension is given by the
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transverse width R, space-time rapidity width ∆η and proper longitudinal
emission time τ0 smeared with a width ∆τ . The transverse and longitudinal
expansion of the collision system results in a longitudinally boost-invariant
flow profile at freeze-out with a transverse component ηt(r) = ηf
r
R charac-
terised by the transverse gradient ηf ,
uµ(x) =
(
cosh η cosh ηt,
x
r sinh ηt,
y
r sinh ηt, sinh η cosh ηt
)
. (98)
In longitudinal proper time τ =
√
t2 − z2 and rapidity η =
1
2 ln [(t+ z)/(t− z)], this source can be written as2,19,24,96:
Sr(x, p) =
2Jr + 1
(2pi)3
√
2pi∆τ
m⊥ cosh(y − η) exp
[
−p · u(x)− µr
T
]
× exp
[
− r
2
2R2
− η
2
2(∆η)2
− (τ − τ0)
2
2(∆τ)2
]
. (99)
Here, r labels the particle species which are produced in thermal abun-
dances with chemical potentials µr. The model emission function (99) is
completely specified by the model parameters T , ηf , R ,∆η ,∆τ , τ0 , µr.
This basic model allows for a satisfactory fit to experimental data from
the CERN SPS89.
Overview of models and model extensions: In what follows, we review the
physics arguments which motivated the study of modifications and exten-
sions of the parameterisation (99):
(1) Varying transverse density and flow profiles:
The functional shape of (99) was varied by replacing the Gaussian trans-
verse density distribution with a box profile89 or varying the functional
dependence of the transverse flow profile95. This gives further support
to the general statement that HBT radius parameters are mainly sen-
sitive to the average r.m.s. width of S(x,K). However, details in the
functional shape of S(x,K) can leave observable traces in the K⊥ de-
pendence of the HBT radii: in particular, experimental data from the
SPS favour a transverse box profile over a Gaussian one.
(2) Surface dominated versus bulk dominated emission:
Model (99) implements bulk emission, i.e., particles decouple at the
same average proper freeze-out time τ0 from all spatial positions in the
source with a probability proportional to the source density. However,
if reabsorption of particles by the surrounding matter is significant,
hadronic freeze-out may proceed via surface evaporation. In analytical
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parametrisations of S(x,K), such “opaque sources” have been modelled
via addition of absorption factors40. The main outcome of these studies
is that surface-dominated emission can imply 〈x˜2〉 ≪ 〈y˜2〉 and this
makes it possible that R2o < R
2
s at sufficiently large K⊥.
(3) Temperature gradients:
Models which include a spatially varying local temperature attribute
position-momentum correlations in the source to a combination of two
different effects: T (x) and uµ(x). This typically introduces two addi-
tional fit parameters24,87 which characterise the longitudinal and trans-
verse dependence of T (x). It removes to some extent the constraint
between temperature and transverse flow which can be exploited when
fitting (99) to a combination of one- and two-particle spectra. Such a
model was fitted successfully to first data from RHIC26.
(4) Model emission functions for finite impact parameter collisions:
The model (99) has been extended to azimuthally asymmetric trans-
verse flow and asymmetric transverse Gaussian98 or box geometry151.
For the first and second harmonics of HBT radius parameters calculated
in these models, explicit Φ-dependence dominates over the implicit one
and deviations from the purely geometrical identities (58) and (88)
satisfy the dynamical identities (77) and (87), respectively. The latter
point, however, is mainly a consequence of studying a class of mod-
els for which t-dependent space-time variances are Φ-independent and
azimuthal deformations are essentially elliptic.
Generic properties:
The analytical parametrisations reviewed above were instrumental in
establishing how the main properties of the two-particle correlator translate
into specific geometric or dynamical features of the collision region. The
following generic properties emerge:
(1) Size and transverse momentum slopes of HBT radii:
Qualitatively, the main information contained in the absolute size and
M⊥-dependence of HBT radius parameters can be illustrated in terms
of pocket formulas derived in a saddle point approximation of (99). For
the side radius parameter one finds19 for ∆η =∞ and ∆τ = 0
R2s(K⊥) ≈
R2
1 + M⊥T η
2
f
, (100)
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The size of this radius is proportional to the source size, but it is also
sensitive to the transverse flow strength ηf of the source. This illustrates
that HBT radii characterise only that part of a dynamically expanding
source which can be viewed through a filter of wavelength K. This
shrinking effect increases for increasing M⊥ proportional to the ratio
η2f/T . The Makhlin-Sinyukov formula
58 for the longitudinal radius,
R2l ≈ τ20
T
M⊥
, (101)
shows compared to (100) a strongerM⊥-dependence consistent with the
stronger longitudinal expansion implemented in (99). Its dependence on
τ0 is a direct consequence of the assumed longitudinal boost-invariance
and receives corrections for sources of finite longitudinal extension.
While quantitative corrections to these analytical expressions can be
significant95, these pocket formulas illustrate qualitatively the interplay
of geometry and dynamics in determining HBT radius parameters. This
picture is supported by numerous numerical studies.
(2) The difference R2o −R2s:
The main interest in this observable69 lies in its sensitivity to the emis-
sion duration [see also discussion of eq. (120)]
R2o −R2s ≈ β2⊥
〈
t˜2
〉
. (102)
Numerical calculations with a Gaussian density profile typically result
in a small but positive signal for R2o−R2s. For steeper transverse profiles
and particle emission at sufficiently large K⊥, or for opaque source
40,59
models with surface dominated emission, also negative values can be
found for R2o − R2s. Equation (102) ignores the contribution from the
〈x˜t˜〉 correlation term which vanishes in the model (99) but is present
in hydrodynamic models and Monte Carlo event generators, see below.
(3) Influence of resonance decay contributions:
Pions from resonance decays have a tendency to be emitted at later
times and larger distances28,23,97. For models showing bulk emission,
their effect on the size of HBT radius parameters is however small97.
This is due to a combination of three effects: i) in models of the type
(99), the emission region of the heavier resonances is smaller than that
of direct pions, ii) the large decay widths of the most abundant reso-
nances like ρ’s and ∆’s and their non-relativistic velocities imply that
these decays occur within the emission region of the direct pions, iii)
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resonances with large lifetime (η, η′) decay so far outside that their
decay pions interfere with the directly produced ones on a very small
relative momentum scale (|q| < 1 MeV) only. This produces a peak of
the correlation function at |q| < 1 MeV which is narrower than the ex-
perimental resolution and thus leads to an apparently reduced intercept
λ of the correlator C(q,K) without affecting its shape. Only pions from
ω decays stem from a resonance which is neither sufficiently short-lived
nor sufficiently long-lived and thus can affect the shape of the corre-
lator. This spoils a naive core-halo interpretation and contributes to
non-Gaussian deviations of the two-particle correlator96.
3.2. Hydrodynamic models
Hydrodynamic behaviour is an idealised but well-defined limiting case of the
realistic dynamical evolution of the collision region in heavy ion collisions. It
emerges as the zero mean free path limit of a particle cascade. In this limit,
matter in the collision region is treated as an ideal, locally thermalised fluid
whose dynamics is governed by the relativistic hydrodynamic equations.
Input for simulations: A hydrodynamic model is fully specified by the equa-
tion of state and the initial conditions. Typically, the parametrisation of the
latter models the outcome of an initial pre-equilibrium stage with initial en-
ergy density estimated from the Glauber approach to entropy and energy
production in nucleon-nucleon collisions49.
Freeze-out criterion: The freeze-out criterion, according to which the hy-
drodynamic simulation is terminated, is another important input in hydro-
dynamic model studies. Usually, the freeze-out criterion is set by a critical
energy density or temperature. If the criterion is satisfied in a fluid cell,
the cell is immediately assumed to freeze-out. Local properties of this cell
are converted into a thermal ideal gas distribution of hadronic resonances
with temperature and chemical potential set by the local energy and baryon
density of the simulation. This leads to a sharp freeze-out along a three-
dimensional hypersurface and specifies the emission function S(x,K) enter-
ing the calculation of two-particle correlation functions. There are “hybrid
models” in which the earlier hot stage of the collision is treated hydrody-
namically but the hadronic phase is modelled with a Monte Carlo event
generator code80. An event generator naturally leads to an emission func-
tion in a finite four-volume, see next subsection.
Successes and problems at RHIC: At RHIC, hydrodynamic simulations
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Table 2. The main hydrodynamic model calculations with published results
on HBT correlation functions. Codes follow either the full three-dimensional
expansion or the two-dimensional expansion in the transverse plane (with as-
sumed boost-invariance in the remaining longitudinal direction).
Authorsref. energies HBT data Dim.
studied compared to
HYLANDER74,13 SPS NA4476 (3+1)-dim
Rischke, Gyulassy73 SPS, RHIC RHIC prediction (2+1)-dim
Zschiesche et al.105 SPS, RHIC NA49, STAR (2+1)-dim
Kolb, Heinz38 RHIC STAR, PHENIX38 (2+1)-dim
Hirano, Morita et al. SPS, RHIC NA4961,62, STAR44,62 (3+1)-dim
compare in general well with the hadronic one-particle transverse momen-
tum spectra up to ≈ 2 GeV. The major success of this approach is the
prediction of the size of the measured elliptic flow v2, as well as the correct
description of its p⊥-dependence for identified pion and proton spectra. This
indicates that the main contribution to elliptic flow originates in the early
stages of the collision where the system is very dense and the mean free path
is close to the hydrodynamic limit zero. However, two-particle correlations
are determined at freeze-out, where the mean free path (or rather the mean
scattering time) is grown and a hydrodynamic picture becomes question-
able. This may be one of the reasons why so far hydrodynamic simulations
have significant problems in calculating two-particle correlators which are
at least in qualitative agreement with experimental data38, see the following
discussion.
Generic properties of hydrodynamic simulations for HBT: An overview of
hydrodynamic model calculations is given in Table 2. This list is limited
to studies which include beyond the calculation of one-particle spectra also
two-particle correlation functions.
(1) Freeze-out hyper-surface shows strong outward-temporal correlations:
The freeze-out criterion implemented in hydrodynamic simulations
amounts to a sudden switch from a zero mean free path to an infinite
mean free path approximation. This tends to favour sharp geometrical
correlations along the freeze-out hyper-surface. In comparison to model
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sources with emission from a finite four-volume, the 〈x˜t˜〉 variance is sig-
nificantly stronger72. Thus, the difference R2o −R2s does not measure a
lifetime effect only. This consequence of a sharply localised freeze-out
hyper-surface may be tamed in hybrid models in which hydrodynamic
evolution is followed by a hadronic rescattering phase80.
(2) Large “lifetime” effect and R2o ≫ R2s:
Hydrodynamic simulations lead to sources with very large emission du-
rations. The size of this lifetime signal depends on the equation of state
(EOS): a softer EOS results in a more delayed pressure build-up and
a longer lifetime72,73. Irrespective of model details, the resulting values
for Ro/Rs are generically much larger than the measured result
38. This
is the main problem of hydrodynamic simulations.
(3) Resonance decays contribute significantly to HBT radii:
In contrast to model sources of the type (99), resonance decay con-
tributions added to the freeze-out of hydrodynamic simulations were
reported to increase the size of HBT radii significantly13. This may
be attributed to the different shapes of the freeze-out hyper-surfaces.
The homogeneity regions for direct pion and resonance emission are
the same in hydrodynamic simulations whereas the latter are smaller
in the model (99). Thus even short-lived resonance decay contributions
tend to increase the hydrodynamic pion source.
3.3. Monte Carlo event generators
Event generators are widely used to simulate particle production in ultra-
relativistic heavy ion collisions. In particular, they allow to study how global
collective dynamical properties emerge in a mesoscopic system from micro-
scopic (2-to-2 or 2-to-3 body) interactions. In principle, each event genera-
tor output defines an emission function from which two-particle correlations
can be calculated. However, since the event generator output is not a wave-
function with proper quantum-mechanical symmetrisation, an additional
prescription is needed of how to relate it to the emission function. There
is an extensive literature on the conceptual problem100. In practice, the
afterburner program of Scott Pratt70 is most frequently used.
So far, there are only very few calculations of HBT correlation functions
from event generators, see Table 3. The main conclusion from these calcula-
tions is that the late hadronic rescattering phase largely determines the size
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Table 3. Event generator model calculations with published results on HBT
correlation functions.
Coderef. energies HBT data
studied compared to
RQMD83,84,a SPS NA3586
hydro73+URQMD6,b SPS, RHIC80,81 STAR82
Humanic45,c AGS, SPS, RHIC E859/866, NA4446 STAR47
AMTP56,d RHIC STAR56
MPC60 RHIC STAR, PHENIX60
a Code not maintained any more, no more recent studies available.
b Hadronic rescattering phase dominates HBT radii82.
c This code models final state rescattering only.
d This is a multi-phase transport model which includes initial partonic and
final state hadronic interactions.
of HBT radius parameters. Also, in contrast to hydrodynamic models, the
generation of models with relatively small lifetime, satisfying Ro/Rs ∼ 1,
does not appear to be a fundamental problem. While some simulations find
a ratio Ro/Rs which for largeK⊥ lies between 1.4 and 2.0, inconsistent with
experimental data82, other simulations47,56 are consistent with Ro/Rs ∼ 1.
4. HBT measurements
Two-particle correlations have been measured at all energies from AGS to
RHIC. Here we give an overview of the experimental situation.
4.1. Coulomb final state corrections
Data on two-particle momentum correlations between identical charged pi-
ons are usually corrected by the experimentalists for the pairwise Coulomb
repulsion. These corrections are difficult since Coulomb interaction and
Bose-Einstein interference effects are of similar size and affect the two-
particle correlator on similar relative momentum scales. Moreover, the used
correction methods differ between experiments and sometimes even between
different publications in one experiment. Differences between the used cor-
rection techniques can change the resulting size of the HBT radius param-
eter by more than 1 fm and they may affect the K⊥-slope of HBT radii.
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Thus Coulomb final state corrections are a major source of systematic un-
certainty in the space-time analysis of correlation measurements.
The final state Coulomb interaction between two charged particles is de-
scribed by the relative Coulomb wave-function of the particle pair, written
in terms of the confluent hypergeometric function F 53,67,
Φcoulq/2 (r) = Γ(1 + iη) e
− 1
2
piη e
i
2
q·r F (−iη; 1; z−) , (103)
z± =
1
2 (qr ± q · r) = 12qr(1 ± cos θ) . (104)
Here, r = |r|, q = |q|, and θ denotes the angle between these vectors. The
Sommerfeld parameter η = α/(vrel/c) depends on the particle mass m and
the electro-magnetic coupling strength e. We write
η± = ± e
2
4pi
µ
q/2
= ±me
2
4piq
, (105)
where µ is the reduced mass and the plus (minus) sign is for pairs of unlike-
sign (like-sign) particles. If particle pairs are emitted from a static source
at initial relative distance r with a probability Sstat(r;K), then the corre-
sponding correlation is given by an average over the squared wave-function
(103),
C(q,K) =
∫
d3r Sstat(r;K) |Φcoulq/2 (r)|2 . (106)
In the case of identical particles, the two-particle symmetrised version of
(103) should enter equation (106). The K-dependence of the pair emission
probability is often neglected when calculating Coulomb corrections.
The following Coulomb correction methods are based on this starting
point:
(1) Point-like Gamow Correction
For a point-like source Sstat(r) = δ
(3)(r), the correlator (106) is given
by the Gamow factor G(η)
G(η) =
∣∣∣∣∣Φcoulq/2 (0)
∣∣∣∣∣
2
=
2piη
e2piη − 1 . (107)
Early studies constructed the corrected like-sign two-particle correla-
tion by dividing the measured correlator by this Gamow factor
C(−−)corr (q,K) = C
(−−)
meas (q,K)/G(η−) . (108)
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(2) Static Finite Size Correction
The point-like Gamow correction (107) largely overestimates the real
effect of Coulomb corrections since particles are emitted in reality with
finite separation r which leads to a weaker Coulomb interaction. An
improvement advocated repeatedly67,14,7 is to calculate the correc-
tion factor for a finite size static source. Typically, a Gaussian ansatz
Sstat(r) ∝ exp
[−r2/4R2] is chosen in (106),
F statcorr (q) =
∫
d3r Sstat(r) |Φcoulq/2 (r)|2 , (109)
C(−−)corr (q,K) = C
(−−)
meas (q,K)/F
stat
corr (q) . (110)
Instead of the analytical emission function in eq. (109), the particle-
emitting source can be characterized in terms of a discrete set of phase-
space points obtained e.g. from a Monte Carlo simulation. In this case,
the correlation due to particle symmetrization and final state inter-
actions is usually calculated with a so-called afterburner routine. The
most widely used afterburner is Scott Pratt’s CRAB70 (CoRrelation
After-Burner).
In practice, the value for the source width R in eq. (109) is determined
iteratively from the extracted HBT radius parameter in the fitting pro-
cedure. A finite purity of the sample due to misidentified particle leads
to an overall correlation strength Λ < 1. This can be taken into account
by generalising78 eq. (110) to
C(−−)meas (q,K) = (1− Λ) + ΛC(−−)corr (q,K)F statcorr (q) . (111)
(3) Correction of like-sign by unlike-sign correlations
Rather than to calculate Coulomb corrections for finite size sources,
one can make use of the fact that unlike-sign correlations receive no
contribution from Bose-Einstein symmetrisation effects but depend on
Coulomb correlations of the same magnitude (but opposite sign),
C(−−)corr (q,K) = C
(+−)
meas (q,K)C
(−−)
meas (q,K) . (112)
Theoretical support for this procedure comes from the fact, that like-
sign and unlike-sign Coulomb correlations calculated from (106) com-
pensate largely. For point-like sources, e.g., the product of the Gamow
factors deviates from unity by less than five percent for relative mo-
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menta q > 8 m137
G(η+)G(η−) =
1
1 + (pi2/3)η2 +O(η4)
. (113)
A further improvement over (112) is to take this deviation into
account78,
C
(−−)
corr,improved(q,K) =
C
(+−)
meas (q,K)C
(−−)
meas (q,K)
G(η+)G(η−)
. (114)
This was shown to work with excellent accuracy for a wide range of
source parameters78.
The effects of finite momentum resolution reduce both C
(+−)
meas (q,K)
and C
(−−)
meas (q,K). As an unwanted consequence, these effects are am-
plified in the product defining the corrected like-sign correlation func-
tions (112) and (114). An empirical parametrization which takes into
account finite momentum resolution is discussed below; see eq. (117).
(4) Experimental parametrisations of Coulomb corrections
Unlike-sign correlations C
(+−)
meas (q,K) were parametrised by the
function120
F (qinv) = 1 +
(
G(η+)− 1
)
e−qinv/Q0 , (115)
which depends on
qinv =
√
q2 − (q0)2 . (116)
The parameter Q0 is extracted from the fit. It quantifies a phenomeno-
logical finite-size correction for large relative momentum. The function
F (qinv) approaches the Gamow factor (107) for a point-like source,
Q0 →∞.
In order to take into account the imperfect purity of the sample and
the finite experimental momentum resolution, CERES132 parametrised
the Coulomb correction by
C(−−)meas (q,K) = (1− λ) + λC(−−)corr [wK⊥(Fcoul(qinv)− 1) + 1] . (117)
In a Monte Carlo simulation of the final momentum resolution, the
Coulomb correction function Fcoul(qinv) was obtained by evaluating
eq. (109) and reducing F statcorr (q) accordingly. The same Monte Carlo
simulation determines wK⊥ which accounts for the depletion of the pa-
rameter λ due to finite momentum resolution effects. This is chosen
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such that λwK⊥ gives the “true” corrected intercept parameter, which
then multiplies the correction factor (Fcoul(qinv) − 1). For perfect mo-
mentum resolution, wK⊥ → 1 and Fcoul(qinv) → F statcorr (qinv), and the
prescription (117) agrees with (111).
The above discussion is mainly for static sources and involves qinv-
dependent correction factors only. In principle, Coulomb correction effects
are different for the different relative momentum components, as seen from
eq. (109). For dynamically expanding sources, a formalism for the calcu-
lation of Coulomb corrections exists4, but it has not been used so far in
comparison to data. Only one of the correction methods listed above, eq.
(112), contains some information about expansion effects since it uses the
measured unlike-sign correlation as correction factor.
4.2. Experiments at the Alternating Gradient Synchrotron
(AGS)
At the AGS of the Brookhaven National Laboratory (BNL) three series
of collaborations have measured and published results on Bose-Einstein
correlations in fixed target experiments with beam energies varying between
2 AGeV and 11.6 AGeV. Due to lack of statistics, measured correlation
functions were parametrised often by a 1-dimensional parametrisation
C(qinv) = 1 + λ e
−q2
inv
R2
inv , (118)
where the invariant momentum difference qinv is defined in eq. (116).
E802/E859/E866/E917 These experiments use a rotating spectrom-
eter (the “Henry Higgins” Spectrometer) which in the E866 upgrade was
supplemented by a Forward Spectrometer. The acceptance is at or close
to mid-rapidity. The E802/E859/E866 Collaboration has published a sys-
tematic study of the dependence of HBT radius parameters on transverse
mass M⊥ =
√
m2 +K2⊥, system size and centrality dependences
107. The
last of the series, the E917 experiment, collected HBT data on beam energy
dependence in Au+Au collisions from 6 to 10.6 AGeV. At the time of this
writing, these data are still preliminary117.
E895 This experiment uses the EOS time projection chamber inher-
ited from Bevalac112. BE correlations were measured in 2, 4, 6, and 8 AGeV
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Table 4. BE correlation data available from AGS experiments. Data are taken at mid-rapidity, are finite size Coulomb corrected
and are in Bertsch-Pratt parametrisation, unless noted otherwise. The fourth column indicates the analysis frame and the fifth
column denotes whether the cross-term was included in the fits (yes), not included (no), checked to be 0 and then not included (0)
or was not applicable since a simpler parametrisation was used (N/A).
Au+Au collisions
impact energy collab.ref. K⊥ and binning frame cross-term note
2 AGeV/√
s = 2.4AGeV
E895114 0.1-0.3 GeV/c, 3 bins CMS 0 at midrapidity CMS=LCMS
4 AGeV√
s = 3.1AGeV
E895114 0.1-0.3 GeV/c, 3 bins CMS 0 at midrapidity CMS=LCMS
E895114 0.1-0.3 GeV/c, 3 bins CMS 0 at midrapidity CMS=LCMS6 AGeV√
s = 3.6AGeV E917117 – N/A preliminary data of Rinv
E895114 0.1-0.3 GeV/c, 3 bins CMS 0 at midrapidity CMS=LCMS8 AGeV√
s = 4.1AGeV E917117 – N/A preliminary data of Rinv
10.6 AGeV√
s = 4.7AGeV
E917117 – N/A preliminary data of Rinv
E877110 0-0.5 GeV/c, 1 bin
〈p⊥〉 = 0.1GeV/c
beam rapidity yes data at beam rapidity
10.8 AGeV√
s = 4.7AGeV E877109 1 bin – N/A prelim. Rinv from K
+K+
11.6 AGeV√
s = 4.9AGeV
E802107 3 bins, 〈m⊥〉 =
0.29, 0.4, 0.54 AGeV/c
YK frame yes
Si+X collisions at 14.6 AGeV
target collab.ref. K⊥ and binning frame cross-term note
Pb E814108 1 bin – N/A Rinv, beam rap., Gamow
Al E802107 1 bin YK frame yes
E802107
3 for pi−:
2 for pi+
YK frame yes
Au
E802/E859106 1 bin CMS no prelim. K+K+, Gamow corr.
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Au+Au collisions. Published data exist for the transverse mass dependences
of correlation radii114, and the azimuthal dependences in non-central colli-
sions for the three lower energies113. Results on average phase-space density
as a function ofK⊥ and beam energy were shown at the Quark Matter 2001
conference116. All published data are at mid-rapidity.
E814/E877 Particle correlations at projectile rapidity were measured
with the Forward Magnetic Spectrometer of the E814/E877 Collaboration.
The E814 is a Si-beam experiment108 while E877 measured Au+Au at
10.8 AGeV110. E877 determined the pion phase-space density at freeze-out
for the latter system110. At the Quark Matter 97 conference, they showed
a direct fit of a Gaussian core-halo source function to K⊥ and y-binned
correlation function and extracted source radii for pions and for kaons111.
A summary of AGS experiments is given in Table 4.
4.3. Experiments at the CERN Super Proton Synchrotron
(SPS)
The CERN SPS was used first to accelerate 16O and 32S nuclei to 200AGeV.
Then it was upgraded to accelerate a 158 AGeV 208Pb beam. Recently, the
CERN SPS delivered Pb-beams at lower energies: 40 and 80 AGeV. The
step-by-step improvement of analysis tools during the CERN SPS heavy ion
program is clearly seen in the available data. The correlation measurements
for oxygen and sulphur beams were parametrised first in terms of qinv only.
The later three-dimensional fits do not include the cross-term (18). Also,
the Coulomb repulsion was corrected initially by multiplying with a Gamow
factor which overestimates the repulsion significantly. Improved Coulomb
corrections, based on averaging the squared Coulomb wave function over a
finite source size, were only introduced approximately with the arrival of
the Pb beam.
NA35 Originally, this experiment used a large streamer chamber in a
magnetic field to measure tracks of charged particles and their momenta in
O+Au collisions. The large volume of the detector allowed for the study of
three rapidity windows between –2.4 and 1.6 in the CMS of the nucleon-
nucleon collision118. Due to small statistics, the correlation function was
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Table 5. BE correlations data for central oxygen-induced reactions at 200 AGeV/c. All
correlation functions are constructed from hadron pairs and are corrected for final state
interactions by the Gamow factor. The parametrisations used by both experiments are
listed in the last column. They include an additional factor 1/2 in the exponent of the
correlation function.
target collab.ref. rapidity frame K⊥ param.
C
Cu qinv and
Ag
WA80142 −1 < ylab < 1 lab 40 – 200 MeV/c
2d: q⊥, ql
Au
Au NA35120 0.5<ylab<3.5
3 bins
CMS 50 – 600 MeV/c BP
no cross-term
parametrised in ql = qlong and q⊥ =
√
q2o + q
2
s ,
C(q) = 1 + λ exp
[
−1
2
q2l R
2
l −
1
2
q2⊥R
2
⊥
]
. (119)
In contrast to other experiments, this parametrisation used by NA35 has an
additional factor 1/2 in the exponent. The NA35 detector does not identify
pions. Thus NA35 always studied hadron-hadron correlations. With the O-
induced collisions a measurement of “single-event interferometry”119 was
attempted. For measurements with the sulphur beam, the detector was up-
graded with a time projection chamber (TPC) which was crucial in gaining
good statistics for correlation analysis. In a comprehensive study120 of S-
induced reactions with C, S, Cu, Ag, and Au targets, NA35 measured the ra-
pidity, K⊥, and multiplicity dependence of Bertsch-Pratt correlation radii.
O+Au results were reanalysed in this work with better statistics. The K⊥
dependence of correlation radii was also reported in a letter121. Although
the existence of a sizeable cross-term was first confirmed by NA35122, no
results with the cross-term were published.
NA49 For the lead beam, this collaboration equipped the NA35 detec-
tor with four large TPCs which allow for precise tracking of the secondaries
in the rapidity region 2 < y < 5.5 (values given in the laboratory system
with yCMS = 2.9 for the 158 AGeV Pb beam). The NA49 detector is able
to identify particles by a combination of energy loss and time-of-flight mea-
surements. So far, however, only unidentified hadron-hadron correlations
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Table 6. BE correlation data for central sulphur-induced reactions at 200 AGeV. In all cases, final state interactions are
corrected for by the Gamow factor. None of the parametrisations listed in the sixth column includes the cross term in the BP
parametrisation.
target collab.ref. rapidity frame K⊥ param. note
C NA35120 2.5 < ylab < 4.5, 2 bins CMS 50 – 600 MeV/c BP factor 1/2 in the exponent
NA35120 0.5 < ylab < 3.5, 3 bins CMS 50 – 600 MeV/c
a BP factor 1/2 in the exponent
S
NA44127 ylab ≈ 3 LCMS K⊥ ≤ 400MeV/c BP
Al WA80142 −1 < ylab < 1 lab 40 – 200 MeV/c 2 dim: q⊥, ql factor 1/2 in the exponent
Cu NA35120 2.5 < ylab < 4.5, 2 bins CMS 50 – 600 MeV/c
a,b BP factor 1/2 in the exponent
NA35120 0.5 < ylab < 4.5, 4 bins CMS 50 – 600 MeV/c
c BP factor 1/2 in the exponent
Ag
NA44127 ylab ≈ 3 LCMS K⊥ ≤ 400MeV/c 2 dim: q⊥, ql
NA44126 ylab ≈ 3 LCMS 2 binsd BPPb
NA44124 ylab ≈ 3 LCMS 2 binse BPf kaon interferometry
NA35120 0.5 < ylab < 4.5, 4 bins CMS 50 – 600 MeV/c
a,b BP factor 1/2 in the exponent
Au
WA80142 −1 < ylab < 1 lab 40 – 200 MeV/c 2 dim: q⊥, ql factor 1/2 in the exponent
a The K⊥ dependence of correlation radii was measured for 3.5 < ylab < 4.5.
b The K⊥ dependence of correlation radii for 2.5 < ylab < 3.5 was also published
121.
c The K⊥ dependences of correlation radii were measured in all rapidity bins.
d The two NA44 K⊥ bins correspond to 〈p⊥〉 ≈ 150 and 450MeV/c respectively.
e For the BP parametrisation, the two bins correspond to 〈p⊥〉 ≈ 163 and 246MeV/c respectively.
f Results from other parametrisations are also available124.
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Table 7. BE correlation data for Pb+Pb collisions at the SPS. Correlation radii were measured as functions of K⊥ and the
cross-term was included in the parametrisations. The fifth column (FSI) specifies how final state interactions are corrected
for by referring to the corresponding relation in Section 4.1. The column on particle identification (PID) specifies whether
measurements are for identified pions (YES) or charged hadrons (NO).
collab.ref. frame rapidity param. FSI PID note
NA44128,131 LCMS centrala BP (110) yes also kaon interferometry131
NA45132 LCMS central BP (117) no measured for Pb+Au
@ 40, 80, 158 AGeV/c
NA49134,135,137 FLCMS
0.1 < yCMS < 2.1
4 bins
YKP, BP (115)
134,135 ,
(112)135 , (117)137
no
40, 80, 158 AGeV/c137
also kaon
interferometry139
WA97143 LCMS
−0.3<yCMS<0.9
4 bins
YKP, BP iterative (110)b no
WA98144,146 LCMS −0.8<yCMS<0.2c BP, YKP iterative (110) yes
a NA44 has a “banana-shaped” acceptance around midrapidity. Small-p⊥ data are at slightly forward, high-p⊥ data at slightly
backward rapidity.
b In determining the Coulomb correction Fcorr(q) from eq. (109) WA97 iteratively used the emission function (99) instead of
a static Gaussian distribution.
c WA98 has a “banana-shaped” acceptance at slightly backward rapidity. High-p⊥ data are further away from midrapidity.
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Table 8. Data on the centrality dependence of correlation radii.
collab.ref. system and energy rapidity
E802107
Si+Al @ 14.6 AGeV
Si+Au @ 14.6 AGeV
Au+Au @ 11.6 AGeV
mid-rapidity
NA35120 S+Ag @ 200 AGeV −2.5 < yCMS < 1.5, 4 bins
NA44127 S+S, S+Ag, S+Pb
@ 200 AGeV
mid-rapidity
NA45132 Pb+Au @ 40, 80, 158 AGeV mid-rapidity
NA49136,138 Pb+Pb @ 40, 80, 158 AGeV yCMS = 0
138, 1.3136
WA97143 Pb+Pb @ 158 AGeV −0.3 < yCMS < 0.9
STAR150,153 Au+Au @
√
s = 130AGeV150√
s = 200AGeV153
mid-rapidity
PHENIX148 Au+Au @
√
s = 200AGeV mid-rapidity
are available. For Pb+Pb collisions at 158 AGeV, the rapidity and K⊥
dependence of YKP parameters was published134. Also, a rather compre-
hensive compilation of preliminary data at all rapidities and in both YKP
and Bertsch-Pratt is available135. Preliminary results137,138 exist for h−h−
correlations in 40, 80, and 158 AGeV Pb+Pb collisions with different cen-
tralities. Results for kaon-kaon correlations in central 158 AGeV Pb+Pb
collisions were published very recently139. These latter studies are the only
ones based on “global tracking” for which tracks from all TPCs are matched
before constructing the correlation function.
NA44 This experiment is based on a focusing spectrometer. Its narrow
acceptance is around mid-rapidity and depends in detail on the detector set-
ting which may be varied. The performance is optimised for particles with
small momentum difference and good particle identification is achieved. For
the S-beam, one-dimensional correlation functions for S+Pb collisions123,
and a kaon interference study124 were published first. Bertsch-Pratt radii
without the cross-term were published in 1995125 and a dedicated paper was
written on their M⊥ dependence
126. NA44 studied collisions with other
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Table 9. Data on three-pion interferometry.
collab.ref. system and energy rapidity
NA44129 S+Pb @ 200 AGeV mid-rapidity
WA98145,146 Pb+Pb @ 158 AGeV −0.8 < yCMS < 0.2
〈yCMS〉 = −0.2
STAR154 Au+Au @
√
s = 130AGeV mid-rapidity
Table 10. Data on the azimuthally dependence of HBT radius param-
eters. All data are taken at central rapidity.
collab.ref. φ-dependent radii system and energy
E895113 all six radii R2ij(φ) Au+Au @ 2, 4, 6 AGeV
STAR153 R2o, R
2
s , R
2
os, R
2
l Au+Au @
√
s = 130, 200AGeV
targets127: S+S, S+Ag, S+Pb. More recently an investigation of three-
particle correlations in S+Pb systems was published129.
There are two papers with data from the 158 AGeV Pb+Pb collisions,
one for pion128, and one for kaon131 interferometry. These study the M⊥
dependence of the BP correlation radii within the limited acceptance of the
detector.
NA45-CERES In 1998, the CERES collaboration upgraded their de-
tector with a time projection chamber with radial drift field. This al-
lows for interferometric studies. CERES measured correlations of non-
identified hadrons in Pb+Au collisions at 40, 80 and 158 AGeV with various
centralities132.
WA80 The correlation analysis of WA80 is based on the so-called plas-
tic ball detector which has coverage in the target rapidity region and at
low p⊥ < 220MeV/c. For the oxygen beam they used C, Cu, Ag, and
Au targets. The sulphur beam was collided with Al and Au targets, the
proton beam at 450 AGeV/c was collided with C and Au targets. An ear-
lier analysis of target dependence of the observed HBT radii for O-induced
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Fig. 6. Summary of the K⊥-dependence of correlation radii measured at the CERN
SPS in Pb+Pb collisions at midrapidity. Data are taken from NA44128, CERES132,
preliminary NA49137, WA97143 and WA98146.
reactions140 was superseded by a study including also S and p as projectiles
in which the detector performance correction was better understood142. The
latter paper also shows a simple model fit to the correlation function with
Coulomb correction (110) instead of Gamow factor multiplication (108).
They used an additional factor of 1/2 in the correlation function like NA35
did. Another work141 analyses these data in the context of intermittency.
WA98 For the lead beam runs, this collaboration made use of the
plastic ball calorimeter. To measure charged particles the detector in-
cludes a two arm tracking spectrometer with “banana-shaped” pi− ac-
ceptance around mid-rapidity. WA98 published a study of the K⊥ de-
pendence of correlation radii for identified pi− in Bertsch-Pratt and YKP
parametrisations144,146. Three pion interferometry145,146 and pion phase-
space density146 were also studied.
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Fig. 7. Summary of the K⊥-dependence of correlation radii at mid-rapidity measured
at RHIC in Au+Au collisions. Data are taken from STAR150,153 and PHENIX147,148.
Data for
√
s = 200AGeV are taken from transparencies shown at the Quark Matter 2002
conference.
WA97 To measure BE correlations, WA97 used a silicon telescope
which provides precise tracking of produced particles within the mag-
netic field. They do not identify particle species but sample the correla-
tion function with h−h− pairs. The data are mainly presented in the YKP
parametrisation but consistency checks with the Bertsch-Pratt form were
performed143. Transverse momentum and rapidity dependences of the cor-
relation radii were investigated in the acceptance window −0.3 < y < 0.9
(in CMS) and 0.2GeV/c < p⊥ < 1.3GeV/c.
4.4. Experiments at the Relativistic Heavy Ion Collider
(RHIC)
Three of the four collaborations at RHIC published results on BE inter-
ferometry: STAR, PHENIX, and PHOBOS. Data were taken from Au+Au
collisions at CMS energies of 130 and 200 AGeV.
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STAR uses a time projection chamber in a solenoidal magnetic field.
The analysis for
√
s = 130AGeV150 covers in three bins theK⊥-dependence
from 0.125 GeV/c to 0.45 GeV/c within a rapidity region |yCMS| < 0.5.
Preliminary data at
√
s = 200AGeV range in four bins up to K⊥ ≈
0.52GeV/c153. The centrality dependence of the HBT radii at both energies
was studied150,153. The azimuthal dependence of the K⊥-integrated HBT
radii R2o, R
2
s and R
2
os was also analysed at both energies in minimum bias
events153. So far, STAR determines the orientation of the reaction plane
but it does not determine the direction of the impact parameter. Thus, the
azimuthal dependence of R2sl and R
2
ol cannot be measured. Finally, a first
study of three pion correlations indicates that the source is fully chaotic154.
PHENIX extends the results of STAR in a pseudo-rapidity window
|η| < 0.35 to higher K⊥: 0.2 < K⊥ < 1.2 GeV/c at the lower and
0.2 < K⊥ < 2 GeV/c at the higher CMS energy. The particle momentum
is measured by a drift chamber and a pad chamber. At
√
s = 130AGeV,
correlation radii for both positive and negative identified pions are deter-
mined in three K⊥ bins
147. For collisions at
√
s = 200AGeV, a much better
statistics allowed to split the pairs into nine K⊥ bins
148. The centrality de-
pendence of the correlation radii was also studied. Correlation radii from
kaon-kaon correlations did not show148 a simple M⊥ scaling with the pipi
radii in contrast to expectations from certain hydrodynamically motivated
parametrisations of the freeze-out state of the fireball24.
PHOBOS presented so far two sets of BP correlation radii for the 15%
most central
√
s = 200AGeV Au+Au collisions. Data are for one K⊥ bin
from 0.15 to 0.35 GeV/c and for 0.2 < y < 1.5. One set was measured with
pi+ pairs, the other one with pi− pairs149.
4.5. Discussion of the data
4.5.1. Size and transverse momentum dependence of HBT radii
The out-, side-, and longitudinal HBT radius parameters vary typically
around 5− 6 fm at small transverse pair momentum K⊥ and decrease with
increasingK⊥. Their absolute size shows no significant dependence on beam
energy (see Figs. 8 and 9). For data from the CERN SPS, the K⊥-slope
of the longitudinal radius parameter is steeper (see Fig. 6) while all radius
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Fig. 8. The
√
s and K⊥ dependence of Ro and Rs. Data without error bars are sum-
marised from E895114 (Au+Au), NA45-CERES132 (Pb+Au), and STAR pi+pi+150,153
(Au+Au). STAR results for
√
s = 200AGeV are taken from transparencies shown at the
Quark Matter 2002 conference.
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√
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parameters measured at RHIC show approximately the same slope (see
Fig. 7).
As explained in section 2.2.2, the HBT radius parameters of an ex-
panding source correspond to the width of the K⊥-dependent region of
homogeneity. This is smaller than the width of the entire collision region.
The K⊥-slope of the HBT radii is a measure of the collective dynamical
expansion. This picture can be illustrated by the pocket formulas (100),
(101) and is supported by many model comparisons. If SPS data are fitted
by a model with Gaussian transverse density distribution85,89, this leads
to a radius of the entire collision region R ≈ 7 fm. To put this number
into perspective, we relate the two-dimensional rms width of the collision
region, rsourcerms =
√
〈x˜2 + y˜2〉 = √2R ≈ 10 fm, to the two-dimensional rms
widths of a cold lead nucleus. The hard sphere radius RAhs = 1.2A
1/3 fm is
for lead RPbhs = 7.1 fm, and the corresponding two-dimensional transverse
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rms width is rcold Pbrms =
√
〈x˜2 + y˜2〉Pb =
√
3/5 RPbhs ≈ 4.4 fm. SPS data
favour a model with a transverse box density profile89 over a Gaussian den-
sity profile. The box radius is 10 − 12 fm. Irrespective of the transverse
profile, one concludes that during the collision the system has expanded by
a factor ≈ 2 from the transverse size of the overlapping cold lead nuclei to
the transverse extension at freeze-out.
All available data are subject to significant systematic uncertainties.
Additional uncertainties arise when comparing data from fixed target and
collider experiments. In view of the rather mild changes of HBT radii be-
tween SPS and RHIC, this makes it difficult to assess to what extent the
dynamical interpretation given above changes from SPS to RHIC. A first
analysis of RHIC data26 argues in favour of a more extended source with
larger transverse flow, thus supporting the picture of a more vigorous trans-
verse expansion at higher centre of mass energies.
4.5.2. Ro/Rs
The main interest in the quotient or difference of the two transverse HBT
radius parameters (15) and (16) lies in a model-dependent argument, that
the emission duration 〈t˜2〉 can be extracted from 9,69
R2o(K)−R2s(K) ≈ β2⊥〈t˜2〉 . (120)
This statement is based on two model-dependent assumptions. First, the
term −2β⊥〈x˜t˜〉 should be negligible compared to (120). This assumption,
however, can be violated in models with strong expansion. Second, the
difference 〈x˜2〉 − 〈y˜2〉 should be negligible compared to (120). This latter
assumption can be violated at sufficiently high K⊥, in particular in models
for which particle emission peaks close to the surface due to dynamical or
opacity effects.
Many model calculations predict Ro/Rs ≫ 1. In particular, Rischke and
Gyulassy73 emphasised that this would be an unambiguous signal of an
equation of state which is sufficiently soft in the phase transition region to
result in a significantly delayed build-up of transverse expansion. This would
result in a large lifetime effect, Ro/Rs ∼ 1.5. In contrast, data indicate
values Ro/Rs . 1.1 even at RHIC, see Fig. 10. As mentioned in section 3.1,
one can think of physics effects which result in Ro/Rs . 1. This issue is
presently under study56,59.
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4.5.3. Average phase-space density
Idea and formalism: The spatial average of the phase-space density of pions
at times later than freeze-out tf
〈f〉(p) =
∫
d3x f2(x,p, t > tf )∫
d3x f(x,p, t > tf )
, (121)
can be expressed in terms of the observable one- and two-particle
spectra11,109,33,89
〈f〉(K⊥, Y ) = 1√
λ
1
E
dN
dY M⊥dM⊥ dΦ
1
Veff(K⊥, Y )
, (122)
Veff(K⊥, Y ) =
[∫
d3q (C(q,K)− 1)
]−1
. (123)
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Fig. 11. Preliminary data
on the average phase-space
density as measured by the
E895 Collaboration for dif-
ferent AGS projectile en-
ergies as a function of
p⊥
116. The lines show
Bose-Einstein distributions
of given temperature. This
does not account for the ef-
fects of expansion.
The phase-space density is determined by the average number of pions with
given momentum (the non-invariant spectrum) divided by the volume in
which they are contained. The factor λ−1/2 corrects for the “purity” of the
sample: it ensures that only directly produced pions and not those coming
from resonance decays are taken into account (see discussion at the end of
section 2.1). As long as lifetime effects are small (which is consistent with
all data measured so far, see Sec. 4.5.2), the volume is given by (123). For
the Cartesian BP parametrisation, it takes the form
Veff(K⊥, Y ) =
1
pi3/2
Rs(K)
√
R2o(K)R
2
l (K)− (R2ol(K))2 . (124)
Thermal model as a reference: For reference, it is customary to compare
the measured 〈f〉 to that of a thermal distribution of a given temperature
and chemical potential. Since 〈f〉 is a spatial average, it averages for an ex-
panding source over homogeneity regions which move relatively to the point
of maximum emissivity. This leads to deviations from a naive Bose-Einstein
phase-space density which for the case of a boost-invariant longitudinally
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Fig. 12. The average pion phase-space density measured by NA44130, NA4933, and
WA98146 in 158 AGeV Pb+Pb collisions at mid-rapidity.
expanding pion source with transverse expansion can be written as90
〈f〉(p⊥) =
(
∞∑
n=1
An(p⊥)
)/(
∞∑
n=2
(n−1)An(p⊥)
)
, (125)
An(p⊥) = 4pim⊥τf
∫ ∞
0
r dr en[µ(r)/T ]
×I0
(
n p⊥ sinh ζ(r)/T
)
K1
(
nm⊥ cosh ζ(r)/T
)
. (126)
Here, the transverse rapidity profile is characterised by ζ(r) and the trans-
verse density profile by µ(r)/T . For illustration, the transverse geometry
can be modelled e.g. by a box profile
[box] µ(r) =
{
µB for r ≤ Rbox
−∞ otherwise , (127)
or a Gaussian profile
[Gauss] µ(r) = µG − T r
2
2R2Gauss
. (128)
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Fig. 13. The average pion phase-space density as measured by STAR Collaboration152
for Au+Au collisions at
√
s = 130AGeV/c. Different symbols correspond to centralities
(from top to bottom) 0-5%, 5-10%, 10-20%, 20-30%, 30-40%, 40-50%, and 50-80% of the
total cross section. Curves are fits to eq. (125). The same thermal model also reproduces
the single-particle spectrum. Triangles represent the NA49 data33 for 158 AGeV Pb+Pb
collisions at mid-rapidity.
The chemical potential µ(r) introduced here are position-dependent and re-
sult in a non-uniform density profile; µB or µG are the values in the centre
of the fireball. A certain spatial average of this chemical potential deter-
mines the particle multiplicities90. For comparison of the present formalism
to AGS data, the assumption of boost-invariance entering (125) has to be
modified by a rapidity cut-off.
Data: The average phase-space density was studied first by the E877 experi-
ment for Au+Au collisions at the AGS109,110 in the projectile fragmentation
region where it was found to decrease with increasing rapidity. The E895
collaboration measured the average phase-space density at mid-rapidity at
2, 4, 6, and 8 AGeV and observed its increase with the collision energy116
(Fig. 11).
At SPS energies there is an extensive compilation of phase-space den-
sities for various collision systems based on data of the NA35/NA49
collaboration33, the NA44 measurements of S+S, S+Pb, and Pb+Pb
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collisions130, and the Pb+Pb data measured by WA98. For Pb+Pb colli-
sions at 158 AGeV, the results of these experiments are mutually consistent,
see Fig. 12.
At RHIC energy, preliminary data indicate that the average pion phase-
space density is significantly higher than at SPS. Moreover, the STAR
collaboration reported a strong dependence of the phase-space density on
centrality152 (Fig. 13). The origin of this increase, as well as the apparently
different p⊥-dependence of 〈f〉 at RHIC and SPS, is currently under study.
4.5.4. Energy and multiplicity dependence
Despite the weak dependence of HBT radius parameters on centre of mass
energy, the volume Vf from which particles decouple shows an interesting
non-monotonous behaviour, see Fig. 14. Here the volume is estimated as
Vf ∝ R2sRl. The radius Ro is not used in calculating Vf because it contains
contributions from the temporal extent of the source, see eq. (16). The
estimate Vf ∝ R2sRl does not take into account the effects of the expansion
on the HBT radii. Figure 14 shows that the volume decreases gradually
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within the AGS energy range, reaches a minimum around the highest AGS
energies and then increases monotonously by almost a factor 2 up to the
highest RHIC energy.
At approximately fixed centre of mass energy at the SPS, the same
freeze-out volume was found previously to grow linearly with the charged
particle multiplicity per unit rapidity, see Fig. 15. Consistent with this find-
ing is the centrality dependence of the freeze-out volume at SPS energies
which grows linearly with the number of participants132. These two ob-
servations support the conjecture that freeze-out occurs at a fixed particle
density. This is, however, contradicted by the non-monotonous energy de-
pendence of Vf . A linear relation between freeze-out volume and particle
multiplicity does not hold.
Particle density, and thus particle multiplicity is certainly important in
characterising the freeze-out condition, since it affects the hadronic escape
probability from the medium. However, chemical composition, collective ex-
pansion and the momentum of the escaping particle are other factors which
determine this escape probability91. To illustrate this, one can consider e.g.
the mean free path of a pion at freeze-out133
λ−1mfp = 2np+p¯σpiN + 3npi−σpipi = 2
Np+p¯
Vf
σpiN + 3
Npi−
Vf
σpipi . (129)
While the freeze-out volume Vf and the numbers Ni of particles of species
i contained in Vf both depend significantly on the centre of mass energy,
the mean free path (129) is approximately
√
s-independent133.
To understand in more detail how the interplay of different properties of
the collision region determines the freeze-out volume, a realistic freeze-out
criterion is required. A good starting point is the particle escape probability
from the hot and dense but rapidly expanding collision region29,79
P(x, p, τ) = exp
(
−
∫ ∞
τ
dτ¯ R(x+ vτ¯ , p)
)
. (130)
Here, v is the velocity of the escaping particle and R(x, p) denotes the
scattering rate which is defined as the inverse of the mean time between
collisions for a particle at position x with momentum p. Freeze-out at differ-
ent centre of mass energies is then assumed to occur when the probability
P reaches a characteristic value.
Recently, the scattering rate R(x, p) was calculated for a full hadron
resonance gas with chemical composition corresponding to SPS and RHIC
56 B. Toma´sˇik and U.A. Wiedemann
   
   dN/dY
S+S
S+Cu
O+Au
S+Ag
  SC
S+Ag
 TPC
S+Au
 TPC
   S+Ag, SC
(sub-samples)
60
40
20
80
100
120
140
160
180
S+C0
0 604020 503010 8070
-
90
R
  R
   
 (f
m 
 )
s
l
2
8
3
Fig. 15. The “freeze-out volume” (Vf ∝
√
8R2sRl) as a function of the number of
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energies91. The main observation is that the scattering rate shows a sig-
nificant momentum dependence suggesting that particles of different mo-
menta are emitted at different times. This effect is neglected in hydrody-
namic simulations which are based on the Cooper-Frye prescription22 for
freeze-out along a sharp three-dimensional hypersurface. Deviations from
this Cooper-Frye prescription, i.e. freeze-out along finite four volumes may
affect the transverse momentum slope of HBT radius parameters30, and
the momentum dependence of the freeze-out volume. The role of a change
in the chemical composition from SPS to RHIC was found to be relatively
small in spite of the large increase of pion phase-space density (Fig. 13).
This is a consequence of the small pion contribution to the total scatter-
ing rate, resulting from the comparatively small pion-pion cross-section. In
contrast, collective transverse expansion gradients affect the freeze-out vol-
ume significantly. The reason is that an increase in the scattering rate at
freeze-out can be compensated by stronger transverse flow gradients which
lead to a faster density decrease in the collision region thus keeping the
opacity integral in the exponent of (130) constant. The possible effect of
HBT from AGS to RHIC 57
0.2
0.6
1
Au(2 AGeV)Au
b = 4-8 fm
-0.3 < ycm < 0.9
pT = 0-0.4 GeV/c
20
40
out side long
-16
0
16
0 200
out-long
0 200
out-side
0 200 400
side-long
Fig. 16. Azimuthal dependence of HBT radius parameters as published by the E895
Collaboration 113 for Au+Au collisions at 2 AGeV. Curves correspond to a static source
(〈t˜2〉 = 0) according to the equations (51)-(56).
the flow gradients on the
√
s-dependence of the freeze-out volume (Fig. 14)
remains to be studied.
4.5.5. Azimuthal dependence of HBT radius parameters
Two years ago, the first measurements of the Φ-dependence of HBT radius
parameters were published by the E895 Collaboration113 for beam ener-
gies of 2, 4 and 6 AGeV in semi-peripheral Au+Au collisions at the AGS.
Results at all three energies show a sizeable first order harmonics in the
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Φ-dependence of R2ol and R
2
sl, and comparatively small second order har-
monics in the fully transverse HBT radii R2o, R
2
s and R
2
os. The longitudinal
radius parameter and the intercept λ are consistent with a Φ-independent
ansatz. According to (59), the first order harmonics allow to reconstruct the
angle Θ by which the emission ellipsoid is tilted out of the beam axis, see
Fig. 5. At lower AGS energies, this angle is with Θ ≈ 30◦ surprisingly large.
This value is consistent with RQMD transport model simulations57. Inter-
estingly, the spatial tilt is found to point in the direction opposite to the
directed flow in momentum space. This indicates that at lower AGS ener-
gies pion reflection from the bulk of the matter rather than pion absorption
by this matter is at the root of the observed direct flow signal.
With increasing centre of mass energy, a longitudinally approximately
boost-invariant region develops around mid-rapidity. As a consequence, the
tilt angle Θ of the emission ellipsoid is expected to decrease with increasing√
s. However, there is so far no measurement of R2ol and R
2
sl at higher
energies, which would be required to establish this effect experimentally.
The Φ-dependence of the fully transverse radius parameters R2o, R
2
os
and R2s is easier to measure than that of R
2
ol and R
2
sl: while the former re-
quire the event-wise reconstruction of the orientation of the reaction plane,
the latter require in addition the direction in which the impact parame-
ter points. Due to this complication, at RHIC first preliminary data are
available for the fully transverse radius parameters only153. These data are
expected to contain information about whether the spatial orientation of
the source at freeze-out is in-plane or out-of-plane. However, statistical and
systematic uncertainties in these preliminary data are still too large to draw
conclusions. A significant improvement in statistics is expected within the
next run.
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